
Reading a potential energy curve 
 
Once again we consider a particle that is part of a system in which a 
conservative force acts. This time suppose that the particle is 
constrained to move along an x axis while the conservative force does 
work on it. We want to plot the potential energy U(x) that is associated 
with that force and the work that it does, and then we want to consider 
how we can relate the plot back to the force and to the kinetic energy of 
the particle. However, before we discuss such plots, we need one more 
relationship between the force and the potential energy. 

Tratto e adattato da Halliday, Resnick, Walker 
“Fundamentals of physics”    9th Ed. 



Finding the Force analytically 
 

Equation                                          tells us how to find the change U in potential energy 
between two points in a one-dimensional situation if we know the force F(x). Now we 
want to go the other way; that is, we know the potential energy function U(x) and 
want to find the force. 
 For one-dimensional motion, the work W done by a force that acts on a particle as the 
particle moves through a distance  dx  is  F(x)dx. We can then write 
 

                                                  dU(x) = -W =  -F(x)dx.                   (1) 

Solving for F(x) 

 
                                                                                             (one-dimensional motion),   (2) 
 

which is the relation we sought. 
We can check this result by putting  U(x )= ½ k x2  , which is the elastic potential 
energy function for a spring force. Equation 2 then yields*, as expected, 
F(x) = - kx, which is Hooke’s law. Similarly, we can substitute U(x) = mgx, 
which is the gravitational potential energy function for a particle–Earth system, 
with a particle of mass m at height x above Earth’s surface. Equation (2) then 
yields  F = mg, which is the gravitational force on the particle. 
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The Potential Energy Curve 
Figure a)  is a plot of a potential energy function U(x) for a system in which a 
particle is in one-dimensional motion while a conservative force F(x) does work on it. 
We can easily find F(x) by (graphically) taking the slope of the U(x) curve at 
various points. (Equation 2 tells us that F(x) is the negative of the slope of the U(x) 

curve.) Figure b)  is a plot of F(x) found in this way. 

a) 



b) 

a) 



Turning Points (punti di inversione) 
In the absence of a non conservative force, the mechanical energy E of a system has 
a constant value given by  U(x) + K(x) = Emec. 
Here K(x) is the kinetic energy function of a particle in the system (this K(x) gives 
the kinetic energy as a function of the particle’s location x). We may rewrite 
 
                                                  K(x) = Emec + U(x)      (3) 

Suppose that Emec 
(which has a constant 
value, remember) 
happens to be 5.0 J. It 
would be represented 
in  c)  by a horizontal 
line that runs through 
the value 5.0 J on the 
energy axis. (It is, in 
fact, shown there.) 

c) 



Equation (3)  and Fig. d) tell us how to determine the kinetic energy K for any location x 

of the particle:  On the U(x) curve, find U for that location x and 
then subtract  U from Emec.  

d) 



In Fig. (e  for example, if the particle is at any point to the right of x5 , then K = 1.0 J. 
The value of K is greatest (5.0 J) when the particle is at x2 and least (0 J) when the 
particle is at x1. 



Since K can never be negative (because v2 is always positive), the particle can never 
move to the left of x1, where  Emec - U is negative. Instead, as the particle moves 
toward x1 from x2 , K decreases (the particle slows) until K = 0 at x1 (the particle stops 
there). Note that when the particle reaches x1, the force on the particle, given by Eq. 
(2), is positive (because the slope dU/dx  is negative). This means that the particle does 
not remain at x1 but instead begins to move to the right, opposite its earlier motion.  

Hence x1 is a turning 
point, a place where K = 0 

(because U = E) and the 
particle changes direction. 
There is no turning point 
(where K= 0) on the right 
side of the graph. When 
the particle heads to the 
right, it will continue 
indefinitely. 



Equilibrium Points 
Figure  f)  shows three different values for Emec  superposed on the plot of the 
potential energy function U(x) of Fig. a).  Let us see how they change the situation. 
If Emec = 4.0 J (purple line), the turning point shifts from x1 to a point 
between x1 and x2. Also, at any point to the right of x5 , the system’s mechanical 
energy is equal to its potential energy; thus, the particle has no kinetic energy and 
(by Eq. (2)) no force acts on it, and so it must be stationary. A particle at such a 
position is said to be in neutral equilibrium. (A marble placed on a horizontal 
tabletop is in that state.) 

f) 



If  Emec = 3.0 J (pink line), there are two turning points: one is between x1 and x2, and the 
other is between  x4 and x5. In addition, x3 is a point at which K = 0. If the particle is located 
exactly there, the force on it is also zero, and the particle remains stationary. However, if it is 
displaced even slightly in either direction, a nonzero force pushes it farther in the same 
direction, and the particle continues to move. A particle at such a position is said to be in 
unstable equilibrium.  (A marble balanced on top of a bowling ball is an example.) 



Next consider the particle’s behavior if Emec  = 1.0 J (green line). If we place it at x4, it is stuck 
there. It cannot move left or right on its own because to do so would require a negative kinetic 
energy. If we push it slightly left or right, a restoring force appears that moves it back to x4.  A 
particle at such a position is said to be in stable equilibrium. (A marble placed at the bottom of 
a hemispherical bowl is an example.) 
If we place the particle in the cup-like potential well centered at x2, it is between two 
turning points. It can still move somewhat, but only partway to  x1 or x3. 



Le buche di energia  potenziale:  in fisica classica qualsiasi valore 
dell’energia è valido;  i livelli energetici in una buca di energia 
potenziale costituiscono un continuo. 

In fisica classica i punti di inversione 
sono punti al di là dei quali la 
particella non può trovarsi, mai. 



Il blocco può essere inizialmente 
posizionato in qualsiasi posizione 
xiniz. e la sua energia meccanica 
coinciderà con la sua energia 
potenziale e potrà essere qualsiasi 
valore reale compreso tra zero, 
blocco fermo in x = 0, e il valore  
          
                  Umax = E = ½ k x2

iniz 

In altre parole: scegliamo un valore 
per l’energia totale (detto livello 
energetico) e di qui ricaviamo le 
posizioni estreme del moto del 
blocco; ogni numero reale è un 
possibile valore dell’energia del 
sistema massa-molla nella buca di 
energia potenziale elastica. 

Tutta questa insistenza sul concetto significa che “qualcosa” cambierà  …………… 



Due esercizi 



* La tangente ad una parabola y = ax2 +bx +c  nel suo punto generico x ha 

coefficiente angolare m(x) = 2ax +b  e la formula che determina la forza è 

l’opposto del coefficiente angolare della tangente alla curva che rappresenta 

l’energia potenziale: 

 

U = ½k x 2 F = - m = - 2 ½ k x = - kx  


